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ABSTRACT 

In 1982, S. Friedland proved that a bounded linear operator A on a Hilbert 

space is normal if and only if 

( a I + A + A * )  2 > AA* - A*A > - ( a I + A + A * )  2 for all real a. 

And he conjectured the inequality (aI + A + A*) 2 >-- AA* - A*A for all real 

will imply that A*A - AA* ~ 0, i.e., A is hyponormal. But his conjecture 

is incorrect. In this note I'll give a counter-example for his conjecture. 

THEOREM: There is a non-hyponormal operator A which satisfies the inequa/- 
i ty  ( a I  + A + A*) 2 >= AA* - A*A for a/l t ea /a .  

Proof: For an orthonormal basis {e,,},=0 of a Hilbert space H, let Ae0 = ael 

and Aen = en+l(n = 1,2, . . .  ) where 

l < a < ~ / ~ - 2 V / ~ =  2 

Then A is not hyponormal as for any x = ~=0Ane .  E H the following equality 
holds: 

(i) 

( ( A A *  - A * A ) x , z )  = IIA*,I[ 2 - IIAx[I 2 

= IlaAa~0 + A2~, + . . .  II 2 - IlaA0~a + Ale2 Ji-'''  ]l 2 

= { ~ l A ,  I ~ + IA21 ~ + . . . }  _ {d lA01  ~ + IA, I ~ + . . . }  

= -~21A012 + (a 2 - 1)lA~l 2 
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and a > 1. 
Since 

I1(~I + A + A')~II 2 
oo 

= II~ ~ ~,,*- + a ~ l e 0  + (a~0 + ,,~2)el "[-""" 112 
n~0 

= II(~o + a~ ) ~ o  + (a~o + ~ x  + ,~2)~ + ( ~  + ~ 2  + ~ ) ~ 2  + . . .  112 
= I~,~o +aA~l 2 + laAo +aA~ +A2I 2 + IAx +aA2 +Asl 2 + . . . ,  

we have 

(2) 

( (od + A+A*)2 x, x) - ((AA* - A*A)z ,  x) 

_-> I~Ao + .A~I  ~ + a~lAol 2 - (a 2 - 1)IA~I ~ by (1) 

= (~2 + a2)IXol ~ + ~a(~,oX1 + XoA~) + I~I ~. 

If l~[ =< alx/-~ - 1, then ~2a2 < ~2 + a2 and hence we have 

( (aI  + A+A*)2x, x) - ((AA* - A*A)x,  x) 

>_- ~ .~1~ol  ~ + ~ . ( ~ o ~  + ~ o ~ )  + I~,1 ~ 

= l~a~o + .Xl [ 2 > O. 

by (2) 

Therefore 

G 
(3) (od + A + A*) 2 __> AA* - A*A for all real c~ such as I~1 --< v ~  - 1 

Next we have ll(~l" + A + A*)zll > I~I II~II- IIA + A*II II~II > ( I ~ I -  2-)II~II 
because IIAII = .  and the assumption 

l < a < ~  - 2 ~ =  

implies that 

o <  
2 

~ "  > ~ "  = ( 2 + v ~ ) . .  

And then, for each ~ such as I~l > ~-~_~, we have 

a 
II(oa + A + A*)~II -> ( ~ _  1 - 2a)IMl -" vr2allxll 
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and 

((o~.r + A + a*)Zx, x) = II(~X + A + a*)xll 2 ~ 2a211~11 ~ 

> I I A / * - A ' A l l  IIzll ~ b e c a u s e  IIall = a 

>= ((AA* - A*A)x, x). 

Hence 

(4) (aI + A + A*) 2 _-> AA* - A*A for all  real a s u c h  as  [al > 

By (3) and (4), we have ( a I  + A q- A*) 2 ~ AA* - A ' A  for  all real  a .  
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