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ABSTRACT
In 1982, S. Friedland proved that a bounded linear operator A on a Hilbert

space is normal if and only if
(eI+A+A*)? 2 AA* —A*A 2 —(al + A+ A*)? for all real .

And he conjectured the inequality (ol + A + A*)?2 = AA* — A*A for all real
a will imply that A*A — AA* _2_ 0, i.e., A is hyponormal. But his conjecture
is incorrect. In this note I'll give a counter-example for his conjecture.

THEOREM: There is a non-hyponormal operator A which satisfies the inequal-
ity (al + A+ A*)? 2 AA* — A*A for all real a.

Proof: For an orthonormal basis {e,}32 , of a Hilbert space H, let Aey = aey
and Ae, =ep41(n =1,2,...) where

5—22

1 <
<a: 2

Then A is not hyponormal as for any ¢ = X232, e, € H the following equality
holds:

(AA® - A* A)z, z) = || A%2|* - || Az||?
= |ladieo + Azer + - |2 = |ladoer + Area + -+ ||
={@® M+ AP+ = {@®AolP + M|+ )

_a2|/\0|2 + (02 _ 1)|/\1|2

1)
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and a > 1.
Since

(el + A+ A%)z)?

oo
= "a z An€n +alieg + (GAO + Az)el I "2

n=0
= ||(aXo + ar1)eo + (aho + ad; + Az)ey + (A1 + adz + Az)ez + -« ||
= |ado -i-a/\ll2 + lado + a)y -l-/\zl2 + A1+ a); -i-/\3|2 +-,

we have
(oI + A+A*)*z,z) — ((AA* — A*A)z,z)
2 [ado + ah[? + @®[Xo)? — (a® = D) M|* by (1)
2) = (a® + a®)ho[* + aa(AoXs + Xods) + 1M
If |a| £ a/va? — 1, then a?a? £ a? + a® and hence we have
(oI + A+A*)?z,z) — ((AA* — A*A)z,z)
g a202iA0|2 + aa(/\oxl + /_\OAI) + l'\llz by (2)
= |aa/\o + /\1|2 ; 0.

Therefore
a

Var -1

Next we have ||(al + 4 + 4%)z| 2 la] llzll - |4 + A%l ||z]l 2 (la] - 2a)}j=]|
because ||A|] = a and the assumption

(3) (al+ A+ A*)® 2 AA* — A*A for all real a such as ja| £

1<aZs

5—22
2

implies that

0<\/a2—1§1—¥ and

a 5 _6 _
\/az—l=1_é2é (2 4 V2)a.

And then, for each a such as |a| > 727> We have

a

Va2 -1

(el + A+ A%)z|| 2 ( ~ 2a)||z|| = v2a]z|
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and
(el + A+ A*Yz,2) = ||(e + A+ A%)z|* 2 24*||z|?
2 ||AA* — A*A] ||z])* because ||A|| = a
2 {((AA* — A*A)z,z).
Hence

(4) (al+A+ A% ZAA*—A*A  for all real a such as |a] > =
a—

By (3) and (4), we have (ol + A+ A*)? 2 AA* — A* A for all real o
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